
Letters to the Editor 

Comments on Variational Theory and Generalized 
Perturbation Methods 

Reference 1 gives an interesting derivation of per turba-
tion expressions relevant to rat ios of functionals l inear or 
bilinear with neutron fluxes. In the same paper Stacey 
compares the formulations obtained with those f i r s t de-
rived by Usachev,2 '3 also developed by this author,4 - 6 and 
known under the (more or less accepted) conventional t e rm 
as "generalized perturbation method" formulas. In one of 
his final statements, Stacey concludes (p. 455) that "the 
variational est imates are generally superior to the gener-
alized perturbation est imates, particularly when system 
alterations with substantial reactivity effects a r e in-
volved,"7 apparently (and I quote) because "the assumption 
of zero reactivity effect for the system alteration being 
intrinsic to the derivation" of the lat ter , which instead 
does not apply to the fo rmer . Such a conclusion does not 
seem correct in many respects . In fact, in problems 
concerning situations leading to noncriticality, when adopt-
ing the "generalized perturbation express ions ," the solu-
tion was implied, though admittedly not developed, by this 
author in Ref. 5, where it is stated that in such cases a 
re turn to criticality could "be done implicitly recalling the 
definition of reactivity, which gives bk/k in t e rms of an 
equivalent change8 in tv/v. Such change (with opposite 
sign) may be . . . added implicitly to the per turbat ion." At 
that t ime we felt satisfied with the consistent improvement 
of previous perturbation techniques made possible by the 
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proposed method as far as the flux alteration was con-
cerned, and we did not pay much attention to developing 
this argument fur ther . Another proof that the "generalized 
perturbation t h e o r y " can also deal properly with non-
critical situations was presented by Seki10 who explicitly 
extended the formal ism of the generalized perturbation 
method to such cases by introducing the eigenvalue X 
(= \/k) in the formalism. 1 1 

It seems appropriate here to s t r e s s a fur ther point that 
appears to be a more fundamental mat ter and that resul ts 
independently f rom any consideration of meri t of the two 
theories r e fe r red to above. Apart f rom the singular 
(although not irrelevant) case of the self-perturbation effect 
of a material insertion (or removal) into (or from) a 
system, to which the arguments discussed previously 
mainly apply, we cannot envisage a single experimental 
situation in which criticality, in one way or another, should 
not be reestablished by some corresponding change of the 
system itself.12 In some cases the change can induce a 
direct perturbation—i.e., one not through the flux change— 
of the functional under analysis. Consider a few examples: 

1. Breeding ratio. If we alter the system we should 
keep in mind that criticality must be preserved by another 
corresponding change, such as the fuel enrichment, core 
size, etc. All such changes should then be considered as 
producing the perturbation and, therefore , as affecting the 
breeding ratio. For example, if the f i r s t alteration is 
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represented by a change of a c ross section, uk , the sensi -
tivity of the breeding ratio, BR, to it will be 

d(BR) _ 3(BR) 3 (BR) 3Pc 

d ° k dPc do k 
(1) 

where Pc represents the parameter chosen for reestabl ish-
ing criticality. 

2. Cross-section adjustment. As is well known, this 
represents an important and wide application of the gener-
alized perturbation methods, since they allow the calcula-
tion of the sensitivities of the various integral parameters 
to the c ross sections. With these adjustments, the c ross 
sections a re forced to become statistically consistent with 
a variety of integral parameters : reaction rate ra t ios , 
reactivity worths, prompt neutron l ifet imes, etc. An 
important parameter that obviously should be included is 
represented by the (measured) system reactivity, in the 
sense that the perturbations inherent to all the c r o s s -
section adjustments should total a zero contribution. In 
fact , all these measurements were made on critical 
facil i t ies and, therefore, all the cross-section changes 
should be forced so as to maintain criticality, within the 
experimental e r r o r s , if the adjusted values are to be 
consistent with the experimental evidence. 

3. Reactivity worths. In this case, the generalized 
perturbation methods can successfully be applied to evalu-
ate changes induced in a reac tor system by an alteration 
6P affecting a reactivity worth, as given by the ratio 

P = 
(0* A P<j>') 
<0*F'0"> (2) 

without being forced to recalculate 0' for each altered 
system1 4 [easily calculable direct effects of the per turba-
tion 6P on AP or on F' of Eq. (2) a re not considered here]. 
Here again we meet the requirement of maintaining cr i t i -
cality. In fact , rather than the reactivity value itself, the 
designer needs ultimately to know, in an accident analysis, 
the evolution of a given sequence of events in a part icular 
unaltered system and the evolution of the same sequence 
af ter alterations (of temperature, composition, etc.) have 
been introduced. So that the comparison among these 
cases has sense, the sequence of events and the starting 
conditions must be the same.1 5 Therefore, after evaluating 
a given sequence of events (for instance a sodium voiding) 
in an unaltered system, evaluation should be made of the 
same sequence in the system affected by a given alteration 
(with respect to temperature, fuel composition, etc.) r e c -
ognizing the requirement that such alteration maintain 
criticality under steady state conditions (i.e., at t imes 
immediately preceding the initiation of the sequence itself). 
Merely evaluating the effect on the reactivity of a sodium 
void by, say, a different f ission c ross section of 239Pu does 
not, in principle, make much sense if we do not give due 
consideration to the fact that such a different cross section 
implies itself an altered crit ical system (for instance, with 
different fuel enrichment or size to maintain criticality). 
Such alterations should then also be included in the p e r t u r -
bation to give to the reactor designer a proper value of the 
sodium worth. 

More p rec i se ly , these genera l ized per turbat ion methods give 
an e s t ima te corresponding to a change 60 r a t h e r than 60' with 0' 
of Eq . (2) rep laced by 0. [The change A0 = (0' - 0), due to the 
se l f -pe r tu rba t ion effect , may have been accounted fo r separa te ly 
by the s a m e methods, a s previous ly descr ibed.] This amounts to 
neglect ing second-order e f fec ts on the f lux. 

1 5Apart , of course , f r o m the a l tera t ion i tse l f . 

4. Reaction rate ratios. This case is s imilar to those 
discussed above and the conclusions a re identical. These 
measurements a r e made on critical r eac to r s , and if we 
need to know the effect of changes on their calculated 
values resulting f rom system alterations, these should, in 
any case, not al ter the criticality of the system. 

All the examples suggested in Ref. 1 for application of 
these perturbation methods fall within the above-described 
cases. To fur ther clarify this important point, consider 
again, more closely, the relevant case of the breeding 
ratio. In this event the character of the adjustment neces-
sary to reestablish criticality can significantly change the 
results.16 If, for example, the design implies that a 
different fuel enrichment should be specified in case cr i t i -
cality was badly calculated because of, say, a rather 
inaccurate plutonium fission cross section, the impact on 
the breeding rat io of changing such a parameter (in a 
project analysis survey) will be quite different than in the 
case where a core size change is foreseen in the same 
circumstance. In fact , an enrichment change would imply, 
above all, a strong direct effect on the internal breeding 
ratio, the rat io of f iss i le to fert i le mater ia ls in the core 
involved. A size change would imply mostly changing the 
respective contributions from the internal and external 
breeding ratios to the total one. 
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Many p rac t i ca l survey studies a r e made by theore t ic ians 
without a pa r t i cu l a r r e a c t o r p ro jec t in mind fo r which an assigned 
cr i t ical i ty r ead jus tmen t i s specified on technical o r economical 
b a s e s . The analys is can be of an unidentified conceptual r e f e r -
ence sys tem and the read jus tment can become prob lemat ica l . In 
these c a se s one should a s sume a set of reasonable hypotheses and 
consider all of them in the analysis . An approach of th is kind was 
followed, fo r example, in Refs . 17 and 18 in re la t ion to the b r e e d -
ing ra t io . 
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Response to "Comments on Variational Theory and 
Generalized Perturbation Methods" 

Mr. Gandini argues that it is appropriate in perturbation 
theory to use a formalism in which the eigenvalue is 
unchanged because a compensating perturbation must be 
made to maintain criticality. However, the appropriate 
formalism depends on just what question is being posed. 
Mr. Gandini gives several examples of one type of ques-
tion—if one has a fixed reference case, has good reason to 
believe his reference calculation is correct , and wants to 
know the effect of some physical change that would require 
compensation, then it is appropriate to use a formalism in 
which the net reactivity worth of the perturbation plus 
compensation is zero. In this case, the 6k t e r m s could be 
omitted in the variational formalism, or they could be 




