
disregarding pressurization and friction, is 

I I 
2gH 

R2 f , _ » _ A _ 
1 - 2 R* H \ HJ 

For the rat io R = l / - \ / 2 , E q . (5) becomes 

_V, 
2 gff 

(6) 

As l/\/2 is a very large area ratio, i t is well represented in 
the early stage flow by free fall. An interesting feature of 
the flow, with no drain pipe length, is t ha t the initial ac-
celeration a t which the level in the tank falls is always g 
regardless of the height of liquid in the tank or area of dis-
charge. 

The time required for the complete draining of the tank 
when R = l / \ / 2 is obtained bo integrating Eq. (6). The 
definite integral is 

0.7 0.8 0.9 i.o 

—= Relative Liquid Level H 

FIG. 2. Variation of free surface velocity with liquid 
level in tank. U = L2 = H; n = 0; F = 0. 

for the selected pressurization, an area ratio of 1:4 produced 
a rate of drop in liquid level approximating free fall. The 
terminal flow approximation is in this case ra ther poor even 
for small area ratios. 

The effect of friction on the system was observed by 
arbi trar i ly sett ing F = 3, which represented a friction loss 
of three drain pipe velocity heads. I t was noted tha t the 
velocities for corresponding area ratios were smaller and 
tha t terminal flow was established sooner. Although termi-
nal flow was a bet ter approximation to t rue flow, it was not 
a satisfactory approximation, for moderate area ratios, of 
the early stage flow. 

The effect of drain pipe length on the development of 
flow was observed by considering a configuration having a 
small area ratio typical of a water t ank with drain pipe 
a t tachment . An area ratio of 0.01 was selected, and the 
velocity-displacement relationship plotted for lengths of 
drain pipe of zero, H, and 5H. The curves indicated, in 
common, tha t the inertia t ransient was completed and ter-
minal flow started when the maximum rate of flow had been 
more or less a t ta ined. 

In examining the development of flow when a very long 
drain pipe, equal to 5H, is a t tached to the tank, it is found 
tha t the peak velocity is not a t ta ined until about half the 
tank has been drained. This indicates tha t a long drain pipe 
produces a long inert ia t ransient , and tha t computations of 
discharge based on the prevailing head lead to incorrect 
results—even when the area ratio is small. When the drain 
pipe is of moderate length, equal to H, then the peak ve-
locity is reached when less than one-thousandth of the 
volume of liquid has been drained. In this case, it can be 
assumed, for practical purposes, t ha t terminal flow is estab-
lished immediately. 

I t is fairly apparent t ha t to obtain the rapid drainage 
required for scramming a reactor it is necessary to have a 
large discharge area. Rather than use a very large pipe or 
group of pipes, it is expedient to use an annular weir dis-
charge. In this arrangement the length of the drain pipe 
L = Li + L2 is essentially zero. The solution of Eq. (2), 

T = (H/V2gH) f z-t'l-ln z]"2 

Jo 
dz 

w r(i/2) 
(1/2)1/2 (v ) ' 

(7) 

where z = 1 — (y /H) . I t is found from the above equation 
tha t until about three-tenths of the tank has been drained 
the time-displacement relationship is practically t h a t of 
free fall. The divergence becomes more significant as the 
draining of the tank nears completion. To complete the 
draining, 25% more time is required than the time it takes 
for a body to fall freely through this distance. Terminal 
flow in this case is not a t all representative of the true s ta te 
of affairs. 
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Plastic Bending of Rods or Tubes with Radial 
Temperature Distributions 

Horizontally loaded reactor fuel elements are subject to 
bending stresses which may limit the distance between fuel 
element supports. Since these fuel elements have radial 
temperature distributions, s tandard (1) methods of plastic 
analysis cannot be used to determine the deflections. This 
note contains the equations necessary to extend existing 
methods of plastic bending analysis to cases of rods or tubes 
with radial temperature distributions. 

Assuming plane sections perpendicular to the neutral axis 
remain plane af ter bending, the equation relating the axial 
strain, e, and the curvature , R (Fig. 1), is 

r sin 6 
R R 

where r is the distance from the center; z, the distance from 
the neutral axis; and 6, the angle between r and neutral axis. 



R R + z 
dx (1 + e ) d x 

z = r s i n f l 

= A ( T V or ct/Ayi" (2) 

where A(T) is a func t ion of the t empera tu res . Since the 
t empera tu re , T, is a known func t ion of the radius , A can be 
wr i t t en as a func t ion of the radius, r. 

For a tube of thickness dr and radius r , the moment con-
t r ibu t ion for the cu rva tu re R is 

dM 
» x / 2 

=
 4 j 

Jo 
<r(r sin 6)rd 6 dr (3) 

Subs t i tu t ing for a f rom Eq. (2), for « f rom Eq . (1), and in-
t roducing the approximat ion for the radius of cu rva tu re 
yields the incremental moment equat ion . T h e to ta l moment 
is obta ined by in tegra t ing the incrementa l moment equa-
t ion with respect to the radius, r. The resul t ing moment -
deflection relat ion is 

M(x) 
r " o 

J R . 
dM = B(y")]/", (4) 

where Ri is the inner t ube radius (ft , = 0 for a rod ) ; ft0 , 
t he outer tube radius ; and 

B = 2\/w r ( l + 1/2 n) 
r [ l + (n + l ) /2n] 

rR0 / r\lln 

L w 1 r2 dr. 

T h e func t ion B is independent of the bending condi t ions 
within the rod and is a funct ion of the power dependence of 
t he s t ress-s t ra in relat ions and the radial dependence of the 
mater ia l pa ramete r , A. Thus , for any par t icu la r problem 
B is a cons tan t and Eq. (4) can be in tegra ted to obta in the 
deflections. 

A simply suppor ted beam of length L with a un i form 
load w has the following moment d i s t r ibu t ion , M : 

M = (w/2) (Lx - x2) (5) 

where x = d is tance f rom a suppor t . Solving E q . (4) for 
t he second der iva t ive of the deflection 

y" = (M/B)«. 

Subs t i tu t ing in the moment d is t r ibu t ion (5), in tegra t ing , 
and eva lua t ing bounda ry condi t ions yields: 

(Lt - py dt 

When n is an in teger 

1w\n (L\2"+2 

y I 

x{Lx — x2)" dx. 

1 
(2n + 1)(2n - 1) • • • 3 

2"+1(n + 1) } 
(1 + t ) d x 

FIG. 1. No ta t ion for a circular cross section 

F o r small deflections, the radius of cu rva tu re is re la ted to 
t he deflection of t he neut ra l axis, y, and the axial dimen-
sion, x, by 1/f t = d2y/dx2. Isochronous creep tes t resul ts or 
tensi le t es t results in te r re la t ing stresses, <r, and s t ra ins , e, 
can be described by a power func t ion of the following fo rm: 
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Note on the Thermal Neutron Spectrum in a 
Diffusing Medium1 

A paper by Hurwitz and Nelkin (1) considers the energy-
dependent thermal diffusion equat ion in a region free of 
external sources. Hurwitz and Nelkin consider two similar 
cases: 

(a) The s teady-s ta te diffusion of neutrons f rom a the rmal 
plane source in an infinite medium and 

(b) The t ime-dependence of the thermal flux following a 
pulse of fast neut rons . 

The present au thors have misgivings concerning the basic 
assumption of flux separabi l i ty made in the Hurwitz and 
N e l k i n p a p e r w h i c h t h e y f e e l m a y n o t be correct . I n c a s e (a), 
it is assumed [see Eq. (9) of ref. 1] t h a t <j>(r, E) = fi„(r)-
0„CE). In case (b) [see E q . (13) of ref. 1], the assumed 
<t>(E, r, t) = <fa(E)SlB(T) -e-xi where X is explicitly taken to be 
independent of energy.2 We wish to make the following 
comments : 

Case (a). Consider a s t rong absorbing medium in which 

1 This communicat ion has been presented by one of the 
au thors (G. de Coulon) to the facu l ty of the Univers i ty of 
Michigan, in par t ia l fulfi l lment of the requirements for t he 
degree of Mas te r of Science. 

2 This t r e a tmen t is also followed in a la ter paper by M. 
Nelkin (J. Nuclear Energy 8, 48 (1958)). 




