TECHNICAL NOTES

For the three-group method, the parameters given by
Egs. (C1), (C2), and (C3) were calculated for three broad
energy groups. Group 1 covers energy range 10 MeV to
111 keV, g = 1 to 18. Group 2 covers energy range 111 keV
to 5.53keV, g = 10 to 30. Group 3 covers energy range
5.53 keV to 47 eV, g = 31 to 50.
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I. INTRODUCTION

In recent publications'™” the methods of flux synthesis
have been applied to the approximate solution of the
linear Boltzmann equation for neutron transport. Practi-
cal results have been presented for several monoenergetic
slab problems'™® and for multigroup critical slab prob-
lems.” A survey of the methods developed in the last few
years is given in Ref. 8. This paper presents some
methods for the solution of the multigroup Boltzmann
equation for slab geometry with inhomogeneous boundary
conditions.’ The methods are based on half-range expan-
sions of the unknown solution in known functions of the
angle variable, in known functions of the angle and the
energy variable, in known functions of the space variable,
or in known functions of the space and the energy variable.
The unknown functions of these expansions are determined
by the ‘‘method of weighted residuals,”*°"* which yields
reduced multigroup problems when the unknown solution
is expanded in functions of the angle or the space variable,
and reduced one-group problems when the solution is
expanded in functions of the energy variable also. The
reduced equations are systems of linear first-order dif-
ferential equations or systems of Fredholm integral equa-
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tions of the second kind with degenerate kernel which
are solved numerically.

II. FLUX SYNTHESIS

Assuming isotropic scattering in the LS and treating
the energy dependence in the multigroup model,"® the
Boltzmann equation for slab geometry without independent
volume sources is given by Eq. (1)

G . e
bz P + o) e = 3 D ol [ e

g=1,2...,6 . (1)

The boundary conditions, Egs. (2), describe the incident
neutron fluxes on the left-hand and right-hand sides of
the slab, respectively.

£ = 7w o<p=1 (22)
Fd,u = 4w 1=p<0 g=12...,G.
Below we always assume that

rfw=o ®

that is, we only treat problems with incident neutrons
on the left-hand side and homogeneous boundary conditions
on the right-hand side. The notation is

slab thickness

Q
1§

% = spatial variable
u = cos
6 = angle between x axis and direction of the neutrons
of = total macroscopic cross section in group g
ol = I8, Vchr/i
0/2% = macroscopic cross section for scattering from
group jto group g
Vv = mean number of fission neutrons
X¢ = fission spectrum

o = macroscopic fission cross section in group j

A. Boundary Conditions
Setting

fg(xyll) = fgo(x7/“L) + fgl(x,u') ’ (4)

where f®(x,u) describes the uncollided neutron flux in
group g, we obtain Eq. (5) for f8°(x,u).

b ) + oK) = 0 g =1,2,...,G .
¥ (5)

The uncollided flux f%%(x,u) satisfies the inhomogeneous
boundary conditions, Egqs. (2), whereas the scattered flux
f®(x,u), which includes the fission neutrons, satisfies
homogeneous boundary conditions. The solution of Eq. (5),
taking into account the boundary conditions Egs. (2) and
(3), is given by Eq. (6)

7i) expl- [fof(xnaxt - ] 0<pu=1

0 l=pu=0 . (B)

FE(%,p) =
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For the scattered flux f¢'(x,u) we obtain the inhomogeneous
Eq. (7) together with homogeneous boundary conditions

G 1
2 )+ of ) = Dol L

1g ol 7o ' '
'Z'Z_D f.lf (xuNdp’  g=1,2,...,G6 . (1)

If we now try to find approximate solutions for Eq. (1)
which exactly satisfy the boundary conditions Egs. (2) and
(3), it is sufficient to find approximate solutions for Eq. (7)
which exactly satisfy homogeneous boundary conditions.
Another possibility for exactly satisfying the boundary
conditions Egs. (2) and (3) is pointed out later in this
paper.

B. Expansion in Functions of the Angle Variable

The unknown solution of Eq. (7) is expanded as follows
[Egs. (8)]

N
) = 2 (85 @) + of () ()]
g=12...,G (8a)
Yiw = 0 o<p=1 (8b)
i=12,...,N .
Vi =0 l=p=0 (8c)

The linearly independent expansion functions or modes
() are to be chosen by the user so that they are well
suited to the problem to be solved. The coefficient func-
tions ¢ ( ) are determined by the method of weighted
residuals’®2: Substituting Eq. (8) into Eq. (7), multiplying
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the resulting equation in turn with 2N linearly independent
weighting functions wf‘(u), and integrating over pu, we
obtain, after some algebra, Eq. (9) from which the coeffi-
cient functmns ¢g (x) can be calculated. The weighting
functions w*(u) are half-range functions in the same sense
as ¥F(u), Egs. (8b) and (8c), and are also chosen by the
user. These weighting functions determine in which sense
the approximate solution Eq. (8a) will become a ¢‘best’
approximation.™

L 36 (x) + A% (x)34(x) = B B(x) T ol ()

ax

+ vX*B(x Z; 0 (%)$(x) + FEx) g=1,2, . (9

The 2N X 2N, square matrices Af(x) and B(x) and the
2N-vectors fg(x) result from the procedure described
above, the 2N - vectors¢ é(x) are composed of the unknown
functions ¢85 (x). '
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Thus, Eq. (9) is a system of linear first-order differential
equations consisting of 2N X G coupled differential equa-
tions. This system of equations can be considered as a
reduced multigroup problem. So that Eq. (8a) satisfies
homogeneous boundary conditions, we require the ‘new’’
boundary conditions, Egs. (10), for the functions ¢gi(x)

$e+(d) = 0 (102)
$¢7(0) = 0 (10b)
The N-vectors ¢¢%(x) are given by Eq. (11).
$5%(x)
§E¥(x) = _ (11)
{(x)

The solution of Egs. (9) and (10) can be obtained by approx-
imating Eq. (9) by finite difference equations.'* After
reordering the resulting system of linear equations, each
group equation can be solved by an iteration scheme simi-
lar to that described in Ref. 15 (inner iteration), and the
whole system may be solved by the familiar source-itera-
tion technique' (outer iteration). The coefficient matrix
of the system of linear equations to be solved after re-
ordering is shown schematically in Fig. 1, where the
squares are N X N sub-matrices and M = 2 x (NX - 1).
NX is the number of mesh points in the finite difference
approximation.

C. Expansion in Functions of the Angle Variable and
Functions of the Enevgy Variable

We expand the unknown solution as in Eq. (12)
N
FRam) = 23 (67 () T wpf* + 67 ()i ey ]
=1,2, ,G (12)

The angle modes ¥¥(u) and the energy modes p7, the
latter in the form of multigroup spectra, are chosen by
the user so that both sets are well suited to the problem
to be solved. The ¥¥(u) and the pT must be linearly
independent functions and G-vectors, respectively, and the
¥E must satisfy Eq. (8a) and (8b).

Substituting Eq. (12) into Eq. (7) we determine the
coefficient functions ¢l-i(x) in the wusual manner by the
method of weighted residuals. In the multigroup model,
mu1t1p11cat1on with energy-dependent weighting functions

(E) and integrating over E is equivalent to scalar multi-
plymg with the weighting G-vectors v:t After some
algebra we obtain Eq. (13), from Whlch the coefficient
functions ¢¥(x) can be determined.

L0+ AW = F () (13)
The 2N X 2N square matrix A(x) and the 2N-vector f(x)
are given as follows:

A =B'R
g B(z)‘} bz(,l) _ Cu) iﬂ , blg]g) -
B = with g=1
LB(3) B(4)_ bz(;S) - (3) i , bg?) -
g=1
R g @7 c
R = with, e.g., 7 =1 .2 of(x)of pf* - a
lr® R@_] =
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The 2N-vector ¢(x) is composed of the unknown coefficient
functions

6t ()
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Equation (13) is a system of linear first-order differ-
ential equations consisting of only 2N coupled differential
equations and can thus be considered as a reduced one-
group problem. As before, we require some ‘‘new”
boundary conditions, Eqgs. (14), so that Eq. (12) satisfies
homogeneous boundary conditions.

$+(d) = 0 (14a)
$70) = (14b)
The N-vectors (i;i are given analogous to Eq. (11). The

solution of Eq. (13) may be obtained after approximating
the differential equations by finite difference equations
by the inner iteration scheme mentioned above,'* since
Eq. (13) has the same form as each of the G equations
of Eq. (9).
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Fig. 1. Coefficient matrix of finite difference representation of
Eq. (9).

D. Expansion in Functions of the Space Variable

As a third possibility we expand the solution of Eq. (7)
in functions of the space variable," Eq. (15a)

720 = B[SOV + 61V W]
i g=12...,C (152)

The space-dependent modes ¢, (x) are chosen as a set of
linearly independent functions by the user, taking into
account his knowledge of the desired solution These
modes are required to satisfy Eqs. (14), whereas the
angle-dependent coefficient functions IP £ are required to
satisfy the conditions given in Egs. (15b) and (15¢)

Vit = 0 O<p=1

WE () = e “(15¢)

According to the method of weighted residuals, we
substitute our ansatz, Egs. (15), into Eq. (7) and require
orthogonality of the residuum in the interval [-1, 0] to the
N weighting functions wi(x) and orthogonahty in the
interval [0, 1] to the N weighting functions w;(x). The
weighting functions are to be chosen as before by the
user as sets of linearly independent functions. With the
scalar product

(15b)

1,2 N;
1=p=0 -1,2,.

(fg) = [ Fix)g(x)dx

we obtain Eqs (16) from which the half-range coefficient
functions ¥} *(;1) can be determined.

jor ; 1 .
v e = 5 B* JQ of® [ dit(udpt +5 D
G , 1> N
x 25 of [0 W @uhdu’ + 74 ()
i=1 0

1=p=0;g=12,...,G .(l6a)
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G >
e = 3 D Yy ol [’ it(udp' +3 B

> ol 1 U (uhdu’ + 75 ()
=1 o
O<u=l;g=12...,G .(16b)

The N XN square matrices A®*(y), B* and D* and the
N-vectors fgi(u) result from the procedure described
above. The elements are given as follows:

d .+ £
a4 = H(“’i*,—x%') + (wF, o/97)

bE = (wi, 93)
di? = (wl:F7 i)

7 - (w” 2 U“f oz, u’)du)

The N-vectors ¥4%(y) are given analogous to Eq. (11).

If the inverses of Af¥(u) and A%~ (y) exist in the interval
[-1, 0] and in [0, 1], respectively, we can multiply Egs.
(16a) and (16b) from the left with these inverses and obtain
a system of Fredholm integral equations of the second type
with degenerate kernel. Such systems can be reduced to
systems of linear equations by integrating over u. Each
group equation of the resulting system can be solved
directly (no inner iteration) and the whole system can be
solved by the source-iteration scheme.

E. Expansion in Functions of the Space Variable and
Functions of the Energy Variable

We choose the same expansion as is given by Eq. (12),
but this time the space modes ¢i(x) and the energy modes
p, are to be specified by the user, whereas the half-range
coefficient functions ¥¥(u) are to be determined. The
coefficient functions again are restricted to half-range
functmns according to Eqs. (8), and the expansion func-
tions ¢ ( x) are required to satisfy the boundary conditions,
Egs. (14). In this way, our ansatz, Eq. (12), sat1sf1es
homogeneous boundary conditions. Proceeding as before
with the method of weighted residuals, we find the following
system of equations, Egs. (17), for determining the coeffi-
cient functions ¥#().

At@¥ () = B * Pr(undut + D [P dut +F )
_1 [4]

-l=u=0 (17a)
A ¥ @) = DF [ U endu + B [ wndu + 7w
0<p=1. (1)

,The elements of the N X N square matrices A%y, B,
D* and of the N-vectors f %(;) are given by the followmg
equations:
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The 2N weighting functions wl.i(x) and the 2N weighting
G-vectors 13,~* are chosen as linearly independent sets by
the user and, as pointed out before, determine in which
sense the approximate solution Eq. (12) will be a ‘‘best”
approximation. The two N-vectors i*(u) are constituted
by the unknown half-range coefficient functions ¥ ¥(u). If,
again, the inverses of A*(u) and A~ (u) exist in [-1, 0] and
[0, 1], respectively, we can reduce Egs. (17) as described
before to a system of linear equations, which consists of
only 2N linear equations and therefore, in general, can
be solved directly (no iteration).

F. Alternative Treatment of Boundary Conditions

Instead of dividing the neutron flux into an uncollided
and a scattered part as in Eq. (4) and then approximately
solving for the scattered part with homogeneous boundary
conditions we can proceed in a different manner. We
expand the total unknown solution of Eq. (1) as in Egs. (8a),
(12), or (15a). So that these expansions satisfy Egs. (2)
and (3), we require additional or modified conditions for
the modes and coefficient functions. The simplest case
is the expansion Eq. (152). I, in addition, we require
Eq. (18a) for the space-dependent modes and if we modify
the restrictions Egs. (15b) and (15¢) for the coeificient
functions to those given by Egs. (18b)-(18d), Eq. (15a)
satisfies Eqs. (2) and (3)

¢1(0) = 1 (18a)

YEHW) = 0 o<u=1; i=2,3,...,N (18b)

Vi) =0 Sl=p=0; i=1,2,...,N (18¢c)

Vi) =i o<u=1 (18d)
g=12...,G

The resultant reduced equations, Egs. (16), will become
the same with the exception of the N-vectors f ££(,)), which
will change.

In the three other expansions a similar way for satisfy-
ing the boundary conditions Eqgs. (2) and (3) in general is
not possible. However, if the angular distribution of the
incident neutrons is the same in all energy groups,

75w = por ()

where the G-vector Z) describes the energy distribution
of the incident neutrons, we simply can require the follow-
ing additional and modified conditions.

Additional condition for the expansions Egs. (8a) and
(12) (angle-dependent modes)

Vi = 7w 0<u=1

Additional conditions for the expansion Eq. (12) (angle-
dependent modes)

pf—ng g=12,...,G
Modified conditions for the expansion Eq. (8a)
¢f-(0):pg g = 112""36

Modified condition for the expansion Eq. (12) (angle-
dependent modes)

$:(0) = 1

Additional conditions for the expansion Eq. (12)
(space-dependent modes)

$7(0) = 1

pf+=pg g=1’2

y ooy
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Modified conditions for the expansion Eq. (12) (space-
dependent modes)

Y = 7w 0<p=1

The resultant reduced equations retain the form given
above, only the inhomogeneous terms f> will change.
Therefore, the methods of solution mentioned above can
be applied as before.

If the boundary conditions are treated in this way,
care has to be taken in choosing the space-dependent mode
61 {(x) because now the uncollided part of the neutron flux
is described by the products ¢] (x)¥§t(u) or ¢f(x)¥H(wpT
which do not have any degree of freedom and therefore will
contain errors which strongly depend on the mode ¢'f(x).
The total neutron flux, however, does not depend so
strongly on the mode ¢f(x) because the other terms of
the expansion to a certain degree will compensate for the
errors introduced by ¢F(x).

G. Discussion of Restvictions

Some of the restrictions mentioned above are not
necessary. First, the assumption of isotropic scattering
in the LS can be dropped. The consequence is more
computational effort for the evaluation of the scattering
integral. In the case of expansion in functions of the
space variable the simple structure of the resultant inte-
gral equations is lost. The flexibility of the expansions is
enlarged if the space- or angle-dependent modes and
perhaps even the weighting functions can be chosen differ-
ent from energy group to energy group. This will reduce
the total number of modes required in each group but, on
the other hand, will result in more group-dependent
matrices and thus will require more storage during com-
putation. Besides, it then becomes possible to treat any
boundary condition in the manner described in part F of
this section.

The flexibility of the expansions is also enlarged if
the modes and weighting functions can be chosen to be
different in different zones of a multilayer problem or in
the different regions of a homogeneous thick slab. This
will introduce discontinuities at the interfaces where the
modes and weighting functions change and will require
some further conditions for controlling such discontinu-
ities.® While the errors near the interfaces will probably
become greater, a reduction of the overall error or of the
necessary number of modes can be expected.

III. NUMERICAL EXAMPLE

We have applied the methods described above to calcu-
lating the neutron distribution within a thin (10 cm) homo-
geneous slab consisting of natural uranium with incident
neutrons on one side. We assume that the energy distribu-
tion of the incident neutrons is equal to that of fission
neutrons and that the angular distribution is isotropic
in all groups. The total number of energy groups was 26.%

A. Angle Modes

While in the upper energy groups the angular distribu-
tion of the neutrons contains a strong forward component
because of the incident neutrons, in the lower groups with
no incident neutrons the angular distribution is rather
isotropic in the middle of the slab and forward and back-
ward peaked at the boundaries. Therefore, as the angle
modes we have chosen one constant, one function con-
taining a forward component and one function containing
a backward component. The calculated angular distribution
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of the neutrons at the two outer boundaries of the slab is
shown in Figs. 2 and 3. For comparison, the results of
an S16 calculation'® are presented also. With only three
angle modes in both half spaces which take into account
only the ‘‘physical feeling,’” we obtain rather accurate
results. The computing time required is much less than
that required for the S16 calculation.

B. Angle and Enevgy Modes

Taking the same angle modes as before and choosing
as the energy modes three spectra, the fission spectrum
and two spectra obtained with a 26-group diffusion calcu-
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lation at the center and near the upper surface of a natural
uranium cylinder (R =20 cm, H = 40 cm), the lower part
of which was assumed to have independent volume sources
for fission neutrons, we obtain the results shown in Figs. 4
and 5. Again, the results of the S16 calculation are pre-
sented for comparison. With very little computational
effort (not more than for a multigroup diffusion calculation)
we again obtain rather accurate results. The main error
here seems to be introduced by the energy modes.

C. Space Modes

Expecting a more or less exponential behavior of the
neutron flux, we have chosen as the space modes in both
half spaces four functions given by the formula

¢%(x) = exp(zax) - b¥(x)
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Fig. 4. Angular distribution on the left-hand side. Angle-
energy synthesis. Space-energy synthesis.
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Fig. 5. Angular distribution on the right-hand side. Angle-
energy synthesis. Space-energy synthesis.
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To describe the flux distribution in all energy groups we
have taken rather arbitrarily the following exponents

a1 ® 1.5 O pay
aa = Ut,max
O3 = O't,min
as = -0.3 Ot,min

Calculations with other sets of constants in this range
gave nearly identical results. The slowly varying func-
tions b(x) were chosen to satisfy the boundary conditions.
Figures 2 and 3 show the results which agree rather well
with those of the S16 calculation. The computing time
required was about that of a multigroup diffusion calcula-
tion.

D. Space and Energy Modes

Taking the space and energy modes from part B and C
of this section we obtain the results shown in Figs. 4 and 5.
The accuracy again is rather good; only for small 4 (i.e.,
nearly parallel to the slab surface) do the errors become
considerable, This perhaps can be understood when re-
membering that the exponential behavior in these direc-
tions can only be described by rather large exponents.
For u close to unity the errors seem to be due to the
energy modes as was stated before. The computing time
required was less than that of the multigroup diffusion
calculation.

IV. SUMMARY

This paper describes some special half-range expan-
sions in known expansion functions and unknown coefficient
functions for solving the multigroup Boltzmann equation
for slabs. The expansion functions, to be chosen by the
user, can take into account nearly all information that

may be available over the space-, angle-, and energy-
dependence of the expected solution. Transport boundary
conditions can be exactly satisfied, which is of importance
in small, absorbing or only weakly multiplying systems.
Two of the expansions eliminate one, the other two expan-
sions eliminate two variables. The resultant reduced
equations for the coefficient functions are rather simple
and can be solved numerically.

The expansions have been applied to calculations of
the neutron distribution within a thin homogeneous natural
uranium slab. It was demonstrated that results for such
relatively simple problems can be obtained at rather little
computational effort and are nearly as accurate as those
of SN calculations of high order. It was further shown that
even approximations of space-angle-energy-synthesis type,
which eliminate two of three variables and result in very
simple equations for the coefficient functions, are rather

accurate. For this type of approximation the computing
time required is about that of a multigroup diffusion
calculation.

The flexibility of these expansions can be enlarged by
using different sets of modes and weighting functions for
each zone in multilayer problems or by using different sets
of space or angle modes and weighting functions in dif-
ferent energy groups. In the latter case, however, the total
computational effort may become greater even if the
number of necessary modes can be reduced. Anisotropic
scattering can be taken into account, but this also will
increase the computational effort.
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