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Virtual Limitation of Variational Principle
If Y(x) and y*(x) are the solutions of the inhomogeneous
equations
Hyx) =S(x) (1)
and
Y Y2 00) = S%() @)

then it is well known that the error E in the estimation of
(¥, S*) by the variational principle

Llg, ¢*] = (9, S*) + (¢*, S - Ho)
is of second order and is given by
E = - (5¢*, H6¢) .

Here, ¢(x) and ¢*(x) are the trial functions and 5¢ and 5¢*
are the departures from the exact solution given by the
following equations:

px) =ylx) - 8¢
$*(x) = Y*(x) - Oo*
The notation (f, g) above denotes the inner product
defined as

(f,8)=(g, /)= ff(x)g(x)dx .
Pomraning' has pointed out that for the class of trial
functions satisfying the condition
(¢*, S - H) =0 , (3)
the error E is of first order given by
E =-(0¢%, H6¢) = (8¢, S*) .

This is an equality between second-order and first-order
terms. This contradiction can easily be explained, if we

expand ¥(x) and Y*(x) in terms of a parameter ¢, such that
zeroth, first, second, etc., powers of ¢ correspond to
zeroth-, first-, second-, etc., order correction to y(x) and

V*(x).
V) = o) +en(k) +Eng(k) +. . .. (4)
YH(x) = ¢*(x) + emflx) + € nFx) +. . .. (5)

Substituting the values of ¢(x) and ¢*(x) from Eqgs. (4) and
(5) in Eq. (3), we have

(W*-en¥-€n¥-...,S -HY+Hen, +H e+ . . . .) =0 .
Using Eqgs. (1) and (2) and the adjoint property of H and H*,
we have
€(S*,m1) + €X(S*, 12) - €(n¥, Hna)
- (¥, Hnz) - ¥, Hn) - . . . =0 .
Equating the coefficients of various powers of € to zero, we
have
(s*, m) =10 (6)
(S*, m2) =(n¥, HM) . (7)

Equation (6) clearly indicates that the first-order error
(S*, m1) in the estimation of (S*, ) vanishes. Equation (7)
states that (n¥*,-Hn,) acts as a second-order quantity, and
this clarifies the objections raised by Pomraning.!
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